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The disturbance induced in the uniform flow of a viscous, rotating liquid by an
axial point force -- D is studied under the restrictions that the Ekman number,
E = 20Qv[U?, be small and that D = O(1/log E) as £ — 0. The method of matched
asymptotic expansions is invoked to obtain inner and outer (with reference to
the dimensionless axial co-ordinate z refered to the length U/(2Q)) approxima-
tions to the solution of the Oseen equations as B —> 0. The outer approximation,
E — 0 with Ex fixed, is also an outer approximation to the solution of the
Navier—Stokes equations. The mass flow across any transverse plane, which
is equal to D/U for an oseenlet in a non-rotating flow, vanishes in this approx-
imation. The corresponding inner limit yields a non-uniform, cylindrical
flow far upstream of the force in the inviscid limit, ¥ — 0, if and only if
D oc 1/(log E + const.). This cylindrical flow is a one-term, inner approximation to
the solution of the Navier—Stokes equations and suffices to show that separation
implies the failure of Long’s hypothesis of no upstream influence for inviscid,
rotating flow past a finite body. A two-term inner representation of the solution
is related to Stewartson’s solution of the Oseen equations for a moving source
in an inviseid, rotating fluid.

1. Introduction

We consider the disturbance induced in the uniform flow of a slightly viscous,
rotating liquid by a point force of magnitude D directed along the upstream axis.
Let U, Q, v and p denote the translational and angular velocities of the basic
flow and the kinematic viscosity and density of the liquid. Choosing

L=U0U|(2Q) (1.1)
as a characteristic length, we construct the Ekman number
E =20v|U?% = v[(2QL?) = v[(UL) (1.2)
and the perturbation amplitude
€ = D/(4mpU3L?) (1.3)

and seek inner and outer approximations to the asymptotic solution for the
disturbance on the hypothesis (the necessity for which is developed below)

€ =0(/logE) (E—0). (1.4)
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The flow at sufficiently large distances from a body in a non-rotating, viscous
liquid is governed by the Oseen equations (to which the Navier—-Stokes equations
reduce on the neglect of terms of second order in the perturbation velocity).
The fundamental solution of the Oseen equations for a point force is known as
an oseenlet (Van Dyke 1964, p. 158) and exhibits a source-like behaviour except,
in a paraboloidal wake, # > 0 and 72 = O(v&/U) in the cylindrical co-ordinates
# and 7. The total mass efflux across a surface that surrounds the singular point,
but from which the wake cross-section is excised, is D/U; this efflux is balanced
by a corresponding influx within the wake.

The Oseen equations for the rotating flow described in the opening paragraph
may be placed in the form

(U.Vv42Q@x(v—@Xxr)=—p Vp—1yWWxVxv+F, V.v=0, (l.5a,b)

where U and Q are directed along the  axis, v is the particle velocity, p is the
reduced pressure (including centrifugal pressure), and F is the body force.
Childress (1964) gives a solution of (1.5) for an oseenlet in a very viscous fluid on
the hypothesis that Z = O(1) as Ur/v — co. This solution is directly relevant in
the present context only for Er/L — oo, but it does imply the striking result,
vis-a-vis the non-rotating flow, that the mass flow across any transverse plane
vanishes. We find that this result also holds for £ — 0 with Ex fixed, where,
here and subsequently, « and r are dimensionless cylindrical co-ordinates re-
ferred to L.

The outer approximation to the solution of (1.5) for the dimensionless per-
turbation stream function has the form ey y(Ex,r), where ¢y = O(1) as £ — 0
with Ex fixed. We find that the inner expansion of ey, £ — 0 with x fixed, is
of the form ¢(log |Ex| + const.) rJ;(r); accordingly, the inner limit of ey, exists
ifand onlyife = O(1/log E), as anticipated in (1.4). Proceeding on this hypothesis,
we find that the first two terms, of O(¢log B) and O(¢), in the inner expansion of
ey, can be matched to a two-term inner approximation, £ — 0 with « fixed, that
satisfies the inviscid Oseen equations, v = 0 in (1.5), The dominant component
of this inner approximation is a non-trivial, invigeid solution if and only if
e oc 1/(log E + const.), in which instance it is eylindrical (independent of x) and
yields the upstream velocity

Vy ~ U{1—UJy(r),0,3r —UJy(r)} [E—0,x—> — 0,7 =0(1)], (1.6)

where {—,—,—} comprises axial, radial, and azimuthal components. The sub-
dominant component of the inner approximation comprises Stewartson’s (1968a)
solution for a source in an inviscid, rotating flow and (at least partially) resolves
the difficulties posed by singularities in that solution.

The outer approximation, eyry(Ez,r), to the solution of (1.5) under the
hypothesis (1.4) is also an outer approximation to the solution of the full Navier—
Stokes equations, which differ from (1.5) by terms of O(e?). Including these
second-order terms in the construction of a two-term outer expansion of
efro(Bx,r) yields terms of O(e?log |Ex|) = O(e) in the two-term inner expansion
if e oc 1/(log E + const.), in consequence of which only the dominant (cylindrical)
term of the inner approximation to the solution of the Oseen equations may be
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regarded as an inner approximation to the asymptotic solution of the Navier—
Stokes equations. This fundamental difficulty (escalation of logarithmic terms)
in the method of matched asymptotic expansions, which appears already in the
prototype problem of low Reynolds-number flow past a circle (Van Dyke 1964,
§§8.7, 10.5) and is rather fully explored by Fraenkel (1969), appears to limit
the quantitative significance of the Oseen approximation. (On the other hand,
Stewartson (1968b) gives empirical arguments in support of the Oseen approxima-
tion and suggests that it should yield qualitatively valid predictions outside
of viscous shear layers.)

This study was originally undertaken in connexion with the question of up-
stream influence in an axisymmetriec, inviscid, rotating flow past a prescribed
stream surface, say S. The assumption that such a flow is unseparated yields the
upstream velocity (Miles 1969).

v, ~ U{l1 + Fiz~1Jy(r), 0, 3r + Fyx %)y (r)} [E - 0,2 > — oo,r = O(1)], (1.7)

where F] is the (dimensionless) dipole moment of S. This result depends essentially
on the hypothesis that the fluid particles at every point on 8 originate on the
upstream axis (Miles 1970); accordingly, it does not hold for separated flow, in
which particles that originate on the upstream axis leave S at a separation ring
and proceed downstream along a stream surface that forms the outer boundary
of a wake. The theoretical determination of this wake boundary in the neighbour-
hood of 8 poses a problem that is likely to prove even more intractable than its
counterpart for non-rotating flows; however, the model of an oseenlet does yield
a valid description of the separated flow in the far field and does imply that
Long’s (1953) hypothesis, of no upstream influence for axisymmetrie, inviscid,
rotating flow past a prescribed body, fails for separated flow in the sense that
the upstream flow described by (1.6) in the ordered limit £ - 0 and # - — o0 is
not uniform.t This coneclusion, which contrasts with the opposite conclusion
implied by (1.7) for unseparated flow, is in agreement with that advanced by
Stewartson (1968¢), who suggests that ‘‘the unsatisfactory properties of (his)
elementary source solution...suppl[y] further evidence that if [a] body [in an
unbounded, rotating flow] is experiencing drag...an upstream wake will occur for
all [a/L] > 0 where a is a characteristic diameter of the body.” (It is not clear
from this statement whether Stewartson’s ‘drag’ includes wave drag, which, in
contrast to viscous drag, depends essentially on the non-linear terms in the
equations of motion and therefore cannot be properly described by the Oseen
approximation.)

We emphasize that the limiting flow (1.6) is primarily of theoretical interest
in connexion with the formal question of upstream influence in an inviscid flow;
it is quite unlikely to be of quantitative significance for the parametric régimes
that can be realized in laboratory configurations. Indeed, the comparison (Miles
1969) of the inviscid approximation (1.7) for the axial velocity upstream of an
ellipsoid with Maxworthy’s (1970) measured values upstream of the approxi-

+ It may be of some interest to observe that choosing % = 1 in (1.6) yields a cylindrical
flow that is brought to rest on the axis, thereby resembling a Taylor column.

14 FLM 42
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mately ellipsoidal, forward wake of a sphere suggests that there exists a significant
domain in which the inviscid calculation on the hypothesis of a closed stream
surface provides quantitatively significant results.

2. Equations of motion

We choose L and U as scales of length and velocity and pose the position,
velocity, and vorticity vectors in the forms

r = L{x,r, 0} = L{R cos#, Rsin 6, 0}, (2.1)
v = UL 0,3} + Ur iy, =7}, (2.2)
and w = 2Q{1,0,0}+2QrYy,, —v,, X} = Vx v, (2.3)
where the triad {-,—, -} comprises the axial, radial, and azimuthal components

of a vector, subscripts imply partial differentiation,  is a perturbation stream
function, y is the azimuthal circulation relative to the basic flow, and y/r is
the azimuthal vorticity. We also introduce the column matrix (¢ is not a vector
in the polar co-ordinate space)

r) ={¥. 7. x}- (2.4)
Substituting (2.1)-(2.3) into (1.5a), choosing

pF = —{D, 0,0} 8(Lx) d(Lr)/(2mLr), (2.5)

where ¢ is Dirac’s delta function, eliminating the pressure, and invoking (1.2)
and (1.3), we obtain 7 — (2.60)
EDy = V2=V (2.60)

and EDy = x,—7y,— 2erd, r~1d(x) d(r), (2.6¢)
where DY = (2 +7r0,r20,) ¢ (2.7)
and oY = ¥ = (09 /0x). (2.8)

We remark that (2.6a) is an exact, kinematical indentity, whereas (2.65) and
(2.6¢) differ from the exact results deduced from the Navier—Stokes equations
(cf. Goldstein 1938, p. 115) by the omission from their right-hand sides of the
second-order terms

I’ = r=10(y, ¥r)[0(x, ) (2.9a)
and X = r79(x, ¥)jo(x, r) + 2r (X — VVa)s (2.9b)
respectively.

We seek the solution of (2.6) for {(x, ) subject to the boundary conditions
$(,0)=0 (z+0) (2.10a)
and Y(z,7r) >0 (B> o0), (2.10b)

which follow from the requirements that the velocity, vorticity, and perturba-
tion in the total linear and angular momenta of the fluid be bounded.
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3. Outer approximation

We proceed on the hypothesis that (2.6) and (2.10) admit an outer approxima-
tion of the form

YO ~ e[o(§,7) +o(1)], &= Ex=0(1), Er=o(l), (3.1)

where, here and subsequently, the asymptotic approximations and associated
order symbols refer to the limit £ — 0 (or, more precisely, £ | 0). We also may
regard (3.1) as an outer solution of the Navier—Stokes equations by virtue of
(1.4) and the fact that I' and X, as given by (2.9), are O(?).

Introducing the change of variable § = Exin (2.6) and letting £ — 0, we obtain

D =—x Dy =7~V DoX = Xc—7Ye— 2erd,r719(£)d(r), (3.2a,b,c)
where Dy = 10,7710, (3.3)

Solving (3.2) and (2.10) with the aid of Fourier and Hankel transformations

with respect to x and r, respectively, and placing the result in the form (3.1), we
obtain

bo= =116, =BV L+ Bt expL— 1+ ALY B
o[B8 -1y exp - BB 1IN (€50 (3.a)

——r [P e (- PO ABNIE (€< 0). (34D)

We infer from (3.4) that 3, — 0 for » = 0 or r - oo (introduce the change of
variable t = fr and let r - o), in consequence of which the net mass flux across
any transverse plane (x = const.) vanishes for x = O(1/E).t This paradox, vis-
a-vis the result for non-rotating flow, in which the mass flux across any transverse
plane is equal to D/ U, reflects the decisive role of the Coriolis force for x = O(1/£),
a régime that has no counterpart in a non-rotating flow.

We obtain the dominant terms in the inner expansion of g, £ — 0 with z
fixed, by separating out the singular components of the integrands at g =1,
introducing the change of variable ¢ = 1/(1 — f) in these components, and then
letting £ — 0. Letting £+ 0 in (3.4b), we obtain

PolE < 0) ~ I(log |£] + C) rdy(r)+ Pr)  (E40), (3.5)

where I = {1,1,1}, C is Euler’s constant,

$r) = 1) + {o, )+ f ) dt, 210, (r) = 200) 4 f "5 dt} ,
(3.6)

+ Strictly speaking, the outer approximation is valid only for » = o(1/E), and the mass
flux outside of this domain should be estimated separately. A heuristic estimate, based
on the asymptotic behaviour of ¥, as r - oo, implies that the mass flux across z = const.,
r > ris O(r;‘i).

14-2
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and P =1 f 0 (1= B) 1 [(r) — BT Br)df (3.70)

rE— 28,21 ). (3.7b)

[

We find it expedient, in determining the inner expansion of , for £ 0, to
rewrite (3.4a) in the form

4’0 = ‘l’o(g < 0)+‘%0(£) ¢(£,T), (38)
where Yy(§ < 0) is given by (3.4b), 5 (§) is Heaviside’s step function,
$(E,7) = . (&,7)+d_(E,7), (3.90)

and  da(f,r) = f (B, T % %) (B + 1) exp (— 2]+ 1]1€) Jy(Br) . (3.98)

The inner expansion of ¢ as £ 0 is complicated by the existence of a viscous
wake for 72 = O(§), £ > 0, just as in the corresponding problem for a non-rotating
fluid. Introducing the wake co-ordinate (which is independent of Q)

{ = HEx)™W? = LU (vE)-172 (3.10)
and letting & | 0, we obtain (see appendix for details)
(&, 7) ~ I[(1—28) mrYy(r) + 2(1 — 3E— §r?) e=% + §r2B () + O(£7)]
+28e740,14+0(5), =& +1+4L+ 0} (£10) (8.11a)
~ alrYy(r) (£ 0,8~ ) (3.11b)
~ X[ =26+ 53— +log £+ C+ §)]+28{0, 1, — £+ 13
(£40,840), (3.11¢)

© <
where E\ () = f e~tt-1dt = —log §—0+f (I1—et)y1dt (3.12)
4 0

is the exponential integral.
Substituting (3.5) and (3.11b, ¢) into (3.8) we obtain the two-term inner ex-
pansions [comprising terms of O(¢) and O(elog E))
PO ~ e(I[(log | Bx| + C) rJy(r) + m# (2) r¥y(r)]+ D(r) +o(e)
[ = O(1), #(z) (Bx)t <r < E1] (3.13)
for points outside of the wake and
O ~ ¢(Ir2[— §(Bx)~t +log (Bx) + O + §1+ 2(Bx) 30, 1, — (Bz)"1 +1})
+o(e) [x=0(1),r*< Ex] (3.14)
for points near the axis of the wake.
We infer from (3.13) that the inner limit of $© exists if and only if
e = O(1/log E); it differs from zero if and only if

e=—UlogE+A4)7", (3.15)

where % and A are constants (% > 0 implies ¢ > 0 as ¥ — 0). Invoking (3.15)
in (3.13), we obtain the inner limit

YO ~ —1UrJy(r)+O(1flog B) [z = O(1), 0 < r = O(1)]. (3.16)
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The approximations (3.13) and (3.14) suggest the existence of axial stagnation
points within the inner domain of the outer approximation. The corresponding
approximations to the perturbation velocity on the axis are

up = 1Y) (3.17a)
~ e(log |Ex| +C+3)+oe) (1< —x < E™), (3.17b)
~ e[~ (Bx) 1+ 2(log Ex+ C+3)]+ole) (1 Kz < E1). (3.17¢)

Setting # = x, < 0 and %y = — 1 in (3.17h), we obtain
Zo=—Elexp(—¢e1-C-3) (3.18)

for the upstream stagnation point. This is within the assumed domain, B|x,| < 1,

if and only if (within the restriction ¢ = O(1/log E)) ¢ is given by (3.15). The

downstream stagnation point implied by (3.17¢) is within the assumed domain
for all ¢ = o(1); it tends to infinity as E — 0 if and only if E/e = o(1).

4. Inner approximation
We seek that inner solution of (2.6) and (2.10), say $®, which matches the

two-term outer representation (3.13) on the hypothesis that e = O(1/log ).
Letting £ — 0 in (2.6), we obtain

DYy+x=0 and Y,=v,=x, (BE+0) (4.1a,b)

with arelative error of O(X). Excluding the wake, 72 = O(Hxz)and 2 > 0, from the
inner domain and invoking the known results for the corresponding solution
in a non-rotating fluid, we infer that $® must exhibit a source-like behaviour
in the neighbourhood of the singular point, R = 0, and must yield a total mass
flux of D/U, or 47 in dimensionless terms, through any closed surface that in-
cludes R = 0. Choosing {r = 0 on the upstream axis, we infer from this mass-

flux requirement that YOz, 0) = — 26 (). (4.2)

Guided by the form of (3.13) and the fact that both IrJ (r) and @(r) are solutions
of (4.1), we pose the solution of (4.1) and (4.2) in the form

WO ~ e(1[(log B) rJy(r) + (2, )]+ $(r)) +ole), (43)
where ey, satisfies (4.2) and (for B + 0)
DY+ =0. (4.4)

Letting £ — 0 in (4.3) with Ex and r fixed and invoking the requirement that
)@ match the inner representation (3.13), we obtain the matching requirement

Vi, 1) ~ (log 2] + O) ry(r) + 1 @) 1Yy (r) (|| >c0). (4.5)

(It suffices, and is perhaps a more obvious procedure, to invoke this requirement
as x —-—00, after which its satisfaction for x — o follows implicitly from the
subsequent, asymptotic representation of ,.)

Stewartson (1968a) obtains a source-like solution of (4.4) by integrating
Fraenkel’'s (1956) dipole solution, say ¥4(z,r), with respect to z and then
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determining the concomitant, arbitrary function of » by considering Fraenkel’s
solution for a source in a cylindrical pipe of radius b in the limit b - c0. This
limit contains a term of the form f(b) rJ;(r), where f(b) has an infinite, discrete
set of poles, corresponding to the discrete modes of the pipe, and, in addition,
a logarithmic singularity at b = co; however, as Stewartson (1968b) observes,
this difficulty may be circumvented by adding an appropriate multiple of the
eigensolution r.J;(r). Determining the coefficient of this eigensolution through the
invocation of (4.5), we obtain

V(@ r) = m(x)rYy(r) + [C +1og x| — Ci(|x|) + 1sin x — 22 (1 — cos x)]rJy(r)

——sgnxrc’),f00 (2—r2)-t costdt—rfl[Jl(ﬂr) — By (r)] cos [z(1 — B2)E]
R 0
x (L—-g%"14%d8, (4.6)
where Ci(|z|) = C+log || —-fm (1—cost)t1dt 4.7)
0

is the cosine integral. This representation differs from 2yr;, where 3, is the source
solution given by equation (14) in Stewartson’s (1968a) paper, by a multiple
of rJy(r), the coefficient of which in (4.6) has been determined by (4.5). We also
note the following approximations to i,:

U, r) ~ 1 (@) Yy (r) + [C +log || + O3] Jy(r)
+ 25 (x) (xR)r2cos R+ O(R1) (R—>co, |0—4m| > 0), (4.8)
in which the term in cos R represents the lee-wave field of the source;
Yz, r) = — 258 (x) + r25# (x) [C - L +1og ir — Ci(x) + 2 'sin z + 22 cos ]
+3r%(C+log |z| —27%)+ O(r%) (r—>0), (4.9)
which exhibits the logarithmic singularity in ¢, as r - 0;
Yo(x,r) = — (14+cos )+ 4r{C'+log 4(R —x)]+ O(RY) (R —>0), (4.10)

in which the first term represents the solution for a source in potential flow.
Stewartson (1968b) includes an inviscid source solution of the form

$i(z,7) = I[P, 7) +Cory ()] + $(r), (4.11)

where C, is independent of E, as one component of his solution for rotating flow
past a sphere. This solution cannot be matched to the outer representation (3.13),
even within the context of the Oseen approximation, without violating the
restriction ¢ = O(1/log E). It is, of course, possible that (4.11) could be replaced
by (4.3) in Stewartson’s formulation with only minor modifications of his end
results. In any event, the present interpretation of i,, as a component of the
inner representation (4.3) of the solution of the Oseen equations for an oseenlet,
resolves the difficulties posed by the singularities in i, for either |z| - o0 or
r — 0 with x > 0. We also note that Stewartson’s solution for flow past a sphere
of radius La, a < 1, yields an axial velocity of U = 013242 on r = 0 as |z| - o0.
This prediction of an accelerated axial flow contrasts with the decelerated flow
implied by (3.17¢).
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(Professor Stewartson (private communication) has emphasized that the
logarithmic singularity in ¢, as || - c© is a consequence of the limit b — co.
He also suggests that the joint limit £ — 0, b - co may not be uniform and that
“the difficulty associated with D = O(1/log E) may well disappear if the more
general and more realistic problem (of a tube of finite radius) is discussed.”’)

We conclude by remarking that the one-term inner approximation obtained
by invoking (3.15) in (4.3),

YO ~ —X%rJ (1) + O(1/log E), (4.12)

is identical with the inner limit of (3.16), is a cylindrical-wave solution of (4.4),
and yields the upstream velocity of (1.6).

5. Flow at infinity

We obtain the limiting solution as || - co with E fixed by letting £ - +co
in (3.4 @, b), in which limit the integrals are dominated by the contributions from
the neighbourhood of # = 0. We place the result in the form

YO~ —ehiUE ) (|€] > 0), (5.1)

where 7 = |&|~tr = QQ) &t (5.2)
# and 7 are the dimensional co-ordinates (# = Lz and 7 = Lr), and

W= o [ T8 - s pex (- PIENABN A (30)

= lelt [ - S exp (- Ao s, (530)

The similarity solution ${*’ is equivalent to that obtained by Childress (1964)
in his study of slow motion of a sphere in the Stokes limit for a rotating, viscous
fluid, a/E — 0, where La is the radius of the sphere. It is a member of the set
of similarity solutions,

V&) = |E] Ay f: {1, — &8s, £ Es?smexp (— %) Jy(sy) ds, (5.4)

each of which satisfies (3.2) as || - co and represents a balance between viscous
and Coriolis forces. The mass flux across a transverse plane (x = const.) associated
with Q) is 2mpU L2 for n = 0 and zero for » > O (it is infinite for n < 0). The axial
component of the perturbation velocity implied by ) is

W = 19, = (B|x|)de0, (p), (5.5)
where
U, () = fw sttlexp (—s2) Jylsy) ds (5.6a)
0
1 @ 2 +2
= 5 £ (crmemyr (PR e (5.6b)

~ 3237 ¥nDexp[ — (27°/27)}] cos [(29%/2T)t + H(n— V)] (7->c0), (5.6¢)
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and (5.6b) and (5.6¢) follow from (5.6a) through, respectively, a power-series
expansion of the integrand and a saddle-point approximation.

The radial profile 3%,(7) is compared with the radial profile, Jy(r), of (1.6)
and (1.7) in figure 1. Observations of the radial profiles of u at different axial
stations, both upstream and downstream of a given body, could provide definitive
information on the parametric domains of the limiting solutions considered here.

6 /
4
= -
< 3%(n)
2}
Jo(r)
0 L 1 L 1 [
—0-4 0 1-0
To, 3%,

Fioure 1. The function 3%,(7) of (5.5) and (5.6) compared with J,(r).
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Appendix. Asymptotic evaluation of ¢ as £ 0

We require the asymptotic evaluation of (£, n), given by (3.9), as £ 0. The
exponentials in (3.9b) are significant as £ 0 only for £%£ = O(1) and may be
approximated by

exp (— B3| £1[7E) ~ exp (— B%) [1 £ BE— £+ 1A% F SE + O(8?)]

[f%=0(1),£]0]. (A1)
Substituting (A 1) and the identity

{LFLAZBLHT =1(B+1)1+{0, 1,57 1} (A2)
into (3.95) and combining the results in (3.9a), we obtain
b ~ 271[: (I[(1 —26) B*(1 - f) 71 = 3 %2+ O(E)] + {0, BE[1 - £+ O(£Y)],

— B~ 26+ 38+ O(E)]}) exp (— %) Ji(Br)df (£V0). (A 3)
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Separating out the singular integral

A = 2rf B pr)texp (0 Tpr B (A 4)
and invoking the known integral
rfexp(-pRapnas = 1-ck (= 1E), (A

we may rewrite (A 3) in the form

¢ ~ I[(1— 28) by + £28,(1 — €75)] + 2{0, —£(1 —£) &, (1 — 2£) & — $£2} (1 — e7¥).

(A 6)

Remarking that O+ 1) Py = —20,(1 —e¥) = §r% %, A7

we obtain D1(E,7) = ¢1(0,7) + Lr? fg etp—2exp (- riyg~t)dy (A 8a)
0

= $:1(0,7) +2(1 - £) e* + §r2E,(£) + O(£?), (A 8b)

where E,({) is the exponential integral (3.12). Setting £ = 0 in (A 4) we obtain

$:(0.1) = 2 | B 1= gy pryap = —2r0, . g - gy 1apr) ap
= —qr0, Yo(r) = wrYy(r). (A9)

Substituting (A 8) and (A 9) into (A 6) and carrying out the differentiations with
respect to £, we obtain

 ~ I[(1—28) mrYy(r) + 3r°Eq(8) + 2(1 — 3£ — §r®) e ¢ + O(£7)]
+2{0, 14+ 0(8), — £+ 1+48+ 0(€)} et (A 10)
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